We introduce a non-uniform subdivision algorithm that partitions the neighborhood of an extraordinary point in the ratio σ : 1 − σ, where σ ∈ (0, 1). We call σ the speed of the non-uniform subdivision and verify C 1 continuity of the limit surface. For σ = 1/2, the Catmull-Clark limit surface is recovered. Other speeds are useful to vary the relative width of the polynomial spline rings generated from extraordinary nodes. 
Email address: jorg@cise.ufl.edu,kestutis.karciauskas@mif.vu.lt (K. Karčiauskas and J. Peters) .
URL: http://www.cise.ufl.edu/∼jorg (K. Karčiauskas and J. Peters).
Introduction
To be able to control and adjust, possibly repeatedly, the relative width of the polynomial surface rings generated by a Catmull-Clark-like subdivision algorithm (see Figure 1 ), we derive rules for a new class of non-uniform surface subdivision algorithms. The resulting family of algorithms has properties akin to Catmull-Clark subdivision and can in particular generate the limit surface of Catmull-Clark subdivision. Figure 8 shows an application where fast filling of a n-sided surface hole is advantageous. In general, the fill speed must depend on the application since the surface quality deteriorates for more rapid fills. We have also used the characteristic rings of adjustable speed subdivision as concentric tessellation map of guided subdivision surfaces [KP07b] , where the speed controls the parameterization rather than the shape (see Figure 9 ). The theory is advanced by the paper in that it explores a non-traditional approach that allows analyzing the resulting non-uniform subdivision surface. able. Instead of subdividing uniformly, we locally subdivide in a ratio σ :σ where σ ∈ (0, 1) andσ := 1 − σ. We call σ the speed of the non-uniform subdivision. Since splines are invariant when scaling all knots uniformly or when translating the knot sequence, only the knot spacing is in the following of interest. σ σσ σ } tensored (top) for adjustable speed subdivision. (right) Consistent knot spacings around an extraordinary node of valence n = 5. The corresponding surface is a sequence of C 2 -connected surface rings of degree bi-3.
Tensoring this subdivision, as shown in Figure 3 , we obtain an adjustable speed subdivision that is well-defined except near vertices with n = 4 neighbors. Adding rules for these extraordinary cases, we obtain a family of subdivision algorithms generating a sequence of polynomial surface rings of degree bi-3 with contraction speed σ ∈ (0, 1). After reviewing the related literature, we derive the rules for adjustable speed subdivision in Section 2. In Section 3, we verify properties of adjustable speed subdivision and in Section 4, we discuss some applications.
Prior Work
With few exceptions, polynomial subdivision surface algorithms generalize uniform (box-)spline subdivision [BHR93] . In the univariate case, standard B-spline knot insertion yields a stable, local non-uniform refinement of the control polygon, one knot at a time. As an alternative to the Oslo algorithm [CLR80] , recently new factorizations of non-uniform B-spline subdivision have been proposed [CDS07, CDS08, SG08] . Earlier, Goldman and Warren [GW93] extended uniform subdivision of curves to knot intervals in geometric progression. Knot intervals of adjustable speed subdivision also have geometric progression, but since the neighborhood of an extraordinary node is combinatorially different, we cannot directly apply the rules in [GW93] even in the univariate case. When the univariate refinement is tensored and applied to tensor-product splines, the knot intervals must be carried over to parallel iso-curves. In practice, knots are inserted to obtain a least superset of the iso-knot intervals. By contrast, Non-uniform Recursive Subdivision Surfaces, proposed by Sederberg et al. [SZSS98] , allow freely assigning knot intervals to every edge of the control net. To enable an analysis of this approach, [SZBN03] restricts this freedom by requiring that opposing edges of each foursided face have identical knot intervals. In either case, subdivision in the regular part surrounding an extraordinary node halves each knot interval. The feature-filled ESubs approach of Mueller [MRF06] allows analyzing extraordinary neighborhoods by switching to Catmull-Clark subdivision rules near extraordinary nodes. No such switch to uniform subdivision is necessary to fully analyze adjustable speed subdivision.
An adjustable speed subdivision
Since our knot spacing will be non-uniform, we can not hope to build on box-spline subdivision which is inherently uniform; and since the structure at the central point differs from that of the tensor-product mesh, we cannot just insert a knot to addσ Step
Step [2] Extend (a) C 2 inwards to yield coefficients (b).
Step [3] Subdivide (b) with ratio σ :σ to yield (c).
Step [4] Revert (c) top. The extraordinary node is defined by the stencil of Figure 5 ,left, applied to the input net p with the choice β := 18σσ(σ 2 +σ) 9 + (n − 4)(σ + 1) 2 , γ := 9σ 2σ2 9 + (n − 4)(σ + 1) 2 .
(1)
Step [3] does not require knowledge of the missing upper right (central, corner) BB control point b 33 , shown in Figure 4 (b). Only the first three layers of the refined control net need to be derived. We call the collection b ij , 0 ≤ i, j ≤ 3, (i, j) = (3, 3) a tensor-border of depth 2.
Since
Step [1] requires only enough data (position, first and second derivatives) along the boundary, adjustable speed subdivision can be applied to any quad mesh with extraordinary nodes separated by one regular node; if extraordinary nodes are not separated, one Catmull-Clark step is applied.
Combinatorially, this refinement step mimics Catmull-Clark subdivision. The weights β and γ are chosen within a range that yields C 1 surfaces. The specific choice of β and γ places the central limit point at the central limit point of Catmull-Clark subdivision (see Section 3).
With the labels ij of the input control points p ij and the labels k of the refined pointsp k as in Figure 4 , Steps [1]-[4] define the subdivision rules
Due to the symmetry across the sector bisectrix, we have w 
The BB coefficients of Figure 4 (c) defined by p ij , together with the outer layer of BB coefficients defined by the refined netp k form a bi-3 surface ring in BB form. One sector of this ring is shown in Figure 4(d) with the contribution drawn from p ij in black, and the contribution fromp k in grey.
Analysis of adjustable speed subdivision
Indexing the input mesh p in the same manner asp (see Figure 4) , we analyze the refinement
Replacing the extraordinary node by n copies as in [PR98] , we obtain the 7n × 7n subdivision matrix with the familiar uniform block-circulant structure
The discrete Fourier Transform diagonalizes A into blockŝ
The eigenvalues of the 0-th Fourier blockÂ 0 are: 1,σ 3 ,σ 4 ,σ 5 ,σ 6 and the roots of quadratic equation
The eigenvalues of the k-th Fourier block,Â k , k = 0, are 0,σ 3 ,σ 4 ,σ 5 ,σ 6 and the roots of quadratic equation
We determine the central limit or extraordinary point by calculating the left eigenvector to the eigenvalue 1 [HKD93] . The stencil for computing the extraordinary point is structurally equivalent to that of Figure 5 , left. We only need to replace α, β, γ byα := 1 −β −γ,β,γ, wherȇ β := 2σ(β + γ) + σβ (σ 2 + 3σ)β + (2σ 2 +σ + 1)γ + σ(σ 2 + 2σ) , γ :=σ 2 (β + 2γ) + σγ (σ 2 + 3σ)β + (2σ 2 +σ + 1)γ + σ (σ 2 + 2σ) .
The appendix shows how a Catmull-Clark net {c ij } is transformed (scaled) to a net {p k } so that adjustable speed subdivision with σ = 1/2 and β and γ defined by (1) applied to {p k } yields the same surface as Catmull-Clark subdivision applied to {c ij }. (Of course one can apply adjustable speed subdivision to {c ij }, but this generally results in a different surface than Catmull-Clark subdivision.)
We verify that with c := cos(2π/n) the subdominant eigenvalue is the root
of the quadratic equation (8) for k = 1. The subsubdominant eigenvalue µ is also a root of (8) but for k = 2. As with Catmull-Clark subdivision, the limit curvature is generically unbounded since µ > λ 2 , and the limit surface is generically hyperbolic at the extraordinary point, the price typically paid for using simple mesh refinement rules. For any speed σ ∈ (0, 1), the characteristic ring is a normalized bi-3 symmetric scalable C 2 map. Due to the rotational and bisectrix symmetry only one half of one sector needs to be considered, Figure 6 , left. With the normalization b 00 := (1, 0), tensor-borders from adjacent sectors are C 2 connected if, with c := cos(π/n),s := sin(π/n),
The ring defined by the scalars z i listed in Appendix 4.2 and its λ-scaled copy are C 2 connected. Regularity and injectivity of the characteristic ring have been checked numerically following [RP05] , for n = 3, 5, 6, . . . , 20 and σ ∈ [1/10, 9/10]: using the BB representation, we formed, for two of the three BB patches of a sector, the differences b i+1,j − b ij , resp. b i,j+1 − b ij and verified by interval arithmetic that their coordinates have a sign pattern that implies regularity. Injectivity follows from the monotonicity of the boundary coefficients of the patch. 
Discussion and Applications
Figure 7 illustrates how different choices of σ affect the width of a sector of the characteristic ring. Figure 1 already showed corresponding variations of the width of surface rings. The surface smoothness deteriorates when σ ≥ 3/4. This does not surprise since, in the limit as σ → 1, we obtain the well-known construction of a finite bi-3 cap consisting of the bi-3 tensor-border plus the central limit point. However, applying two subdivision steps with σ = 3/4 followed by one step with σ = 1 confines the area lacking smoothness so it is no longer easily detectable ( Figure 8) . . And, just as with Catmull-Clark subdivision, generically the curvature is unbounded at extraordinary points. This unboundedness does not pose a problem for using the characteristic ring as ct-map in C 2 guided subdivision [KP07b] even for high speeds (Figure 10, bottom middle, Figure 9 ). Here the unevenness of the ct-map is counterbalanced by stably sampling the guide surface. Acknowledgement. The work supported NSF grant CCF-0728797.
Appendix

Transformation from a Catmull-Clark net to an adjustable speed subdivision net
To prove that adjustable speed subdivision can generate the same limit surface as Catmull-Clark subdivision, we cannot apply adjustable speed subdivision and Catmull-Clark subdivision to the same input mesh since adjustable speed subdivision assumes that its input mesh is associated with knot spacing in geometric pro-gression. We derive the necessary transformation between the Catmull-Clark net {c ij } and the adjustable speed subdivision net {p k } (see Figure 4 for the indices) by matching the BB representation of a Catmull-Clark net with the BB representation in Figure 4 (b). Then
where nonzero entriesẇ ij k are given below unless they follow from bisectrix symmetry or sector symmetry: f 1 :=σ − σ, f 2 :=σ + 1, f 3 := 2σ 2 − 1, f 4 :=σ 3 +σ 2 − σ, w :
k\rs
Definition of the characteristic ring
Here, we show all constants defining the characteristic ring (10). Representing a single set of formulas for a whole family of algorithms in terms of the speed σ must be more complex than those of a single instance such as Catmull-Clark. 
